In the multiple monomers per site (MMS) model, polymeric chains are represented by walks on a lattice which may visit each site up to K times. We have solved the unrestricted version of this model, where immediate reversals of the walks are allowed (RA) for K = 3 on a Bethe lattice with arbitrary coordination number in the grand-canonical formalism. We found transitions between a non-polymerized and two polymerized phases, which may be continuous or discontinuous. In the canonical situation, the transitions between the extended and the collapsed polymeric phases are always continuous. The transition line is partly composed by tricritical points and partially by critical endpoints, both lines meeting at a multicritical point. In the subspace of the parameter space where the model is related to SASAW's (self-attracting self-avoiding walks), the collapse transition is tricritical. We discuss the relation of our results with simulations and previous Bethe and Husimi lattice calculations for the MMS model found in the literature.
I. INTRODUCTION
The thermodynamic behavior of polymers, both in solution or in a melt, may be studied using continuum or lattice models [1] . In particular, linear polymers in lattice models are usually described by self-and mutually avoiding walks on the lattice (SAW's). The excluded volume interactions, are essential to reproduce the correct scaling behavior of the system [2] .
This constraint also adds considerable difficulties to the study of the models, when compared to the case of random walks, where much statistical results are known analytically [3] . As an example of the effect of the self-avoidance constraint on the asymptotic properties of a single walk on a lattice, we may recall that, while the size of the region occupied by a random walk with ℓ steps on a lattice, measured by the end-to-end distance or the radius of gyration, grows as ℓ 1/2 in the limit ℓ → ∞, for lattices of dimension below 4, the asymptotic behavior for SAW's is described by an exponent which is larger than 1/2, and thus the size of the region occupied by the walk on these lattices grows faster with the number of steps of the walk when excluded volume interactions are present. For two-dimensional lattices this exponent is known to be equal to 3/4 [4] . We notice that since this exponent is larger than 1/d = 1/2 in this case, the density of monomers vanishes in the region occupied by the polymer.
The basic property which describes the behavior of a single self-avoiding walks on a lattice is the number of walks with ℓ steps, starting from the origin of the lattice. We may consider the walks to be chains, so that the steps are bonds which link successive monomers of the polymeric chain. The number of monomers of a chain, which may be called its molecular weight M, is the number of lattice sites visited by the SAW, so that M = ℓ + 1.
If we wish to study a single chain in the grand-canonical ensemble, where the number of monomers fluctuates, we associate a fugacity z = exp(βµ) to each monomer in the chain, where β = (k B T ) −1 and µ is the chemical potential of a monomer. The grand-canonical partition function will then be given by:
where C M is the number of configurations of a chain with M monomers (M −1 steps). Alternatively, this partition function may be viewed as the generating function for the numbers of chain configurations C M . So far, all allowed configurations are associated to the same energy, and thus the model is athermal. The model defined in this way displays a phase transition, a non-polymerized phase is stable at low values of the fugacity z, and for fugacities above a critical value z c a polymerized phase is stable, with a positive density of monomers placed on the lattice. At the critical fugacity, the density of the polymerized phase vanishes, so that the polymerization transition is continuous. The critical value of the fugacity is related to the asymptotic behavior of the numbers of SAW's C M in the large M limit. There is good numerical evidence that C M ∼ M γ−1 q M e , where the effective coordination number q e is smaller than the coordination number of the lattice, and the critical exponent γ is equal to 4/3 in two dimensions, 7/6 in three dimensions and 1 in four dimensions or above [5] .
The effective coordination number is the inverse of the critical fugacity q e = 1/z c , and it is easy to show that the grand-canonical partition function Eq. (1) is singular at this value of the fugacity, its asymptotic behavior being given by Y (z) ∼ A(1 − q e z)
γ . In the canonical ensemble, the system is critical in the thermodynamic limit M → ∞ [6] . The recognition that the contributions to the high-temperature series expansion of the n-vector model of magnetism in the limit n → 0 reduce to SAW's on the lattice [7] has allowed the application of renormalization group methods to the polymer transition, linking this problem to the much studied ferromagnetic transition in the n-vector model.
The athermal polymerization model may be generalized by including attractive interactions between monomers located on first neighbor sites and which are not connected by a polymer bond. This model of self-avoiding self-attracting walks (SASAW's) is usually used as an effective model to study the behavior of a polymer in a poor solution, the attractive interaction mimics the energetically unfavorable contact between solvent molecules and polymeric monomers [2] . Now, besides the monomer fugacity, an additional parameter is present in the model, the Boltzmann weight ω = exp(βǫ), where −ǫ is the energy associated to each monomer-monomer interaction, and there will be a competition between the repulsive excluded volume interactions and the attractive interactions. The model reduces to the previous one for ω = 1, and as ω is increased the continuous polymerization transition happens at lower values of the fugacity z, becoming discontinuous if ω exceeds a value ω T C .
Thus, a tricritical point is found in the phase diagram of the model at (z T C , ω T C ), as may be seen in the schematic diagram shown in Fig. 1 . In the canonical situation, the system is always on the border between the non-polymerized and the polymerized phase [6] . At high temperatures (low values of ω), the polymerized phase is indistinguishable from the non-polymerized phase, and thus has vanishing monomer density. This phase is sometimes called coil phase in the polymer physics literature. Below the tricritical temperature (called θ point [1] ), the chain is collapsed and the polymerized phase has nonzero density (globule phase). Again it is possible to map the SASAW's model on a generalized ferromagnetic n-vector model [8] . In two dimensions, the tricritical point of the model has been studied in detail using transfer matrix techniques [9] , and the tricritical value of the exponent which characterizes the scaling behavior of the radius of gyration is ν t = 4/7 [10] . More recently, an alternative model has been proposed by Krawczyk et al [11] for the collapse transition of polymers. In this model, which we may call MMS (multiple monomers per site) model and is a generalization of the Domb-Joyce model [12] , up to K monomers may occupy the same site of the lattice. The canonical version of the model, with chains of fixed (large) number of monomers M, was studied for K = 3 using computer simulations on the square and cubic lattices. Besides the case with no additional restrictions, which was named RA (immediate reversals allowed) model by the authors, a more restrictive model, where the chain is not allowed to return to the lattice site it occupied two steps ago, (RF model), was also studied. Collapse transitions were found only for the RF model on the cubic lattice, indicating that, at least for this lattice, the restrictions seem to be essential for the existence of these transition. The weight of a site with two and three monomers in the model is ω 1 and ω 2 , respectively, and in the two-dimensional parameter space of the model defined by the variables β 1 = ln ω 1 and β 2 = ln ω 2 , it seems that the collapsed polymerized phase (globule) is separated from the regular polymerized extended phase (coil) by lines of continuous and discontinuous transitions, both transition lines meeting at a tricritical point.
We note that, in the SASAW's model discussed above, the extended-collapsed transition in the canonical situation is continuous and of tricritical nature. One point which needs to be understood is the apparent absence of transitions in both models on the square lattice and in the RA model on the cubic lattice.
Motivated by the questions above, the grand-canonical version of the MMS model was studied on Bethe and Husimi lattices. Initially, both versions of the model (RA and RF) with K = 2 were solved on a Bethe lattice with general coordination number q [13] . Although these initial calculation for the models resulted in phase diagrams with some qualitative differences when compared to the usual behavior of SASAW's, a revision using a different and better fundamented procedure to find the coexistence loci resulted in diagrams which are similar to the ones for SASAW's, in both cases (RA and RF), with continuous transitions between the polymerized phases in the canonical formalism [14] . The solution of the K = 2 RF model on the Husimi lattice [15] Here we present calculations for the K = 3 RA model on the Bethe lattice, partially motivated by the surprising result in the original simulations that no transition was found for this unrestricted model between the polymerized phases, while at least in the K = 2 case the Bethe lattice calculations revealed no qualitative differences in the phase diagrams of the RA and RF models, both similar to the one found for the SASAW's model. In section II we define the model in more detail and present its solution on the Bethe lattice in terms of recursion relations. The thermodynamic behavior of the model is determined by the fixed points of the recursion relations, together with a bulk free energy which is useful to locate the coexistence loci, and these results may be found in section III. Final discussions and the conclusion are presented in section IV.
II. DEFINITION OF THE MODEL AND SOLUTION IN TERMS OF RECUR-SION RELATIONS
We study the MMS-RA model proposed by Krawczyk et al in [11] in the core of a Cayley tree with arbitrary coordination number q. In this model, self-and mutually avoiding walks are considered but the excluded volume condition is relaxed, so that each site of the tree may be occupied by up to K = 3 monomers, or, equivalently, each lattice site way be visited up to three times by the walks. No other restriction is imposed in the model, so that immediate reversals of the walk are allowed (RA model), differently from the more restrictive model studied in [6] where immediate reversals are forbidden (RF model), and thus a subset of the configurations of the walks considered here was included.
As usual, the endpoints of the walks are placed on the surface of the tree. Like in the original model [11] , a walk is described by the sequence of sites that it visits, so that the monomers placed on the same site are considered to be indistinguishable. A statistical weight ω i is associated to a site occupied by i monomers, with i = 1, 2, 3. So, the grand-canonical partition function of the model will be given by:
where the sum is over the configurations of the walks on the tree, while N i , i = 1, 2, 3, is the number of sites visited i times by the walks. In Fig. 2 , an example of a Cayley tree with three generations of sites is shown, as well as the contribution to the partition function which corresponds to the configuration of the walks in this case. To solve the model on the Bethe lattice (the core of the Cayley tree) we start considering rooted subtrees, defining partial partition functions (ppf's) for them, where we sum over all possible configurations of the chains for a fixed configuration of the root of the subtree (this is the reason for calling the partition functions partial). We thus define fourteen partial partition functions g i , i = 0, 1, . . . , 14, shown in Fig. 3 . The number of partial partition functions we need to define for the RA model is larger than the one we used for the RF model, where four root configurations were sufficient [6] , since more configurations are allowed in the present case.
When we define the possible root configurations, with up to four polymer bonds on the root edge. It is important to notice that, since immediate reversals of the walk are now allowed, it is possible to have closed loops on the tree and the ppf's have to be carefully defined in order to avoid rings in the walks. This possibility does not exist in the RF model on the Bethe lattice. When rings are allowed, even the universality class of a polymer model changes to a model with n = 1 components in the order parameter, that is, to the universality class of the Ising model. Therefore, in ppf's with two or more bonds on the root edge, we need to distinguish between bond pairs that are connected (in earlier generations of the tree), or not. In Fig. 3 , we have four ppf's with two bonds in the root site (g 2 to g 5 ), for example. In bond pairs not connected by horizontal lines in our notation, such as in the root configurations for g 2 and g 6 (taken two by two) and one pair of g 10 , the two walks will never meet on the tree at a site in earlier generations, or, in other words, if the walks are followed all the way to the surface of the tree, they end at different surface sites.
When we draw horizontal lines connecting two bonds at the root edge, it means that they are connected to the same site in earlier generations and there are three possibilities for this:
1) The two bonds are connected to the same monomer of the root site (one line); 2) Both walks are connected to the same site in some earlier generation and visit the same sites of the tree (two lines); and 3) Same as case 2, but the walks visit different sites of the tree (three lines). In the last case, the two bonds are distinguishable, because the sequence of visited sites is different if we begin in one or other bond, although the visited sites are the same. These definitions are applied for every ppf with at least two bonds in the root site, and leads to the rather large number of ppf's we need to define. Whenever appropriate, the contributions to the sums begin with a product of two numerical factors, the first of which is the multiplicity of the configuration of the incoming bonds and the second is the multiplicity of the connections with the monomers located at the new root site. In the expressions below,
where σ = q − 1 is the ramification of the tree. The recursion relations for the 14 ppf's are:
The partial partition functions are expected to grow exponentially with the number of iterations, so we define ratios of them, which usually remain finite in the thermodynamic limit. Furthermore, we notice in the above equations that some ppf's only appear in sums, they are (g 3 + g 4 + 2g 5 ), (g 7 + g 8 + 2g 9 ) and (g 11 + 2g 12 + 4g 13 ). Thus, it is convenient to define the following ratios:
From the recursion relations for the ppf's, similar expressions may be obtained for the ratios. Denoting the binomial coefficients as b i ≡ σ i
, the recursion relations for the ratios are:
The denominator D is defined as:
The grand-canonical partition function of the model on the Cayley tree may be obtained if we consider the operation of attaching q subtrees to the central site of the lattice, similar to the one used for deriving the recursion relations for the ppf's. The result will be:
where:
where
. We notice that the contributions to P , Q, S correspond to placing one, two and three monomers on the central site, respectively. Using the expressions above, we may obtain the densities at the central site of the tree, considering the configuration of this site for each contribution to the grand-canonical partition function 28. The density of sites occupied by one (ρ 1 ), two (ρ 2 ) and three (ρ 3 ) monomers are given, respectively, by:
, and (30b)
The Bethe lattice solution of the model is defined by its thermodynamic behavior in the core of the tree, represented by the densities just defined. The total density of monomers on the Bethe lattice, that is, the total number of monomers divided by the number of sites, is ρ = ρ 1 + 2ρ 2 + 3ρ 3 , and will be in the range 0 ≤ ρ ≤ 3.
III. THERMODYNAMIC PROPERTIES OF THE MODEL
The thermodynamic phases of the system on the Bethe lattice will be given by the stable fixed points of the recursion relations, which are reached after infinite iterations of the recursion relations and thus correspond to the thermodynamic limit. We find three different stable solutions for the fixed point equations R ′ i = R i , associated to one non-polymerized phase (NP) and two polymerized ones (P1 and P2).
The NP phase is characterized by the fixed point R i = 0 for all i, excluding i = 3 and i = 7. These last two may be obtained solving the equations:
and
The quadratic equation for R 3 can be easily solved, but the explicit expression for R N P 3
is too large to be shown here. Looking the equations 29 and 30 we see that ρ = 0 in the NP phase, as expected.
In the two polymerized phases all ratios are non-vanishing and, in order to obtain the fixed point values, we have to iterate the recursion relations or solve the fixed point equations numerically. It is important to remark that the metastable phases with double e triple occupation of sites, that appear in the RF model [6] , are absent here. As is discussed in [13] , the immediate reversal of the walk makes the probabilities of find these configurations in the central site vanish.
The stability limits of all phases are obtained calculating the jacobian of the recursion relations:
A fixed point is stable if the dominant eigenvalue of the jacobian has a modulus smaller than unity, and the stability limit of the corresponding phase (spinodal) is located in the loci where this modulus becomes equal to unity.
In order to find the coexistence surfaces in the phase diagrams, we obtain the free energies of the thermodynamic phases of the model. This free energy may not be calculated directly from the partition function Eq. (28), since it refers to the whole Cayley tree and, remembering that in the thermodynamic limit the number of surface sites correspond to a finite fraction of the total number of sites, reflects the influence of the surface. The free energy per site in the core of the tree, which corresponds to the Bethe lattice solution, may be calculated following the Gujrati's argument [16] , which was also derived in another way in [6] . The result for the grand-canonical free energy per site on the Bethe lattice (divided by k B T ) is:
Using the spinodals to find the continuous transitions and the free energy to determine the coexistence surfaces we built the whole phase diagram of the system. Before presenting the complete three-dimensional phase diagram, in the space defined by the statistical weights It is important to stress that this particular case (ω 3 = 0) was studied by one of the authors in [13] , considering distinguishable monomers and using the natural initial conditions method to find the coexistence lines.
There, only a discontinuous transition was found between the non-polymerized phase and a polymerized one (called P2 here). We notice that the diagram of [13] changes if Gujrati's prescription is used to obtain the bulk free energy and the coexistence lines are determined using this free energy. Since this latter procedure has a better fundamentation than the earlier based on natural initial conditions [6] , the results provided by it are more reliable.
We also notice that the phase diagram found here is very similar to one obtained for the RF model in [6] . However, the RF tricritical point was located at ω [6], which is far from the location found here. A generalization of the model for K = 2, with the RA and RF models as particular cases, shows a line of tricritical points joining the two ones for both models [14] .
For increasing values of ω 3 , the qualitative behavior of the phase diagrams, in the (ω 1 , ω 2 ) plane, is similar to the one depicted in Fig. 4 , more complex diagrams are found, as will be discussed below. The location of this multicritical point may be determined by noting that it corresponds to a higher order NP root of the fixed point equations. This will be discussed in some detail in the appendix. we can see that the qualitative picture is the same. However, in the RF model, the P1-P2 coexistence region is larger than the one for the RA model. Besides, as shown in [6] , for the RF model, the phase P1 is characterized by ρ 1 ≫ ρ 2 , ρ 3 at the coexistence with the P2 phase, where ρ 1 ∼ ρ 2 ∼ ρ 3 . On the other hand, here we found that in the P1 phase all densities are of the same order as in P2, and thus the two phases have the same symmetries.
In figure 6 , we show the densities (defined in Eq. 30) for increasing values of ω 3 , with ω 1 and ω 2 fixed in the P1-P2 coexistence region. In face of this result, we can conclude that the restriction imposed in the RF model changes the nature of the P1 phase, which became approximately a SAW in that case, with dominance of sites with a single monomer, while when immediate reversals (RA model) for the walks are allowed, the P1 phase behaves like a regular polymerized phase in the MMS model. We advance that this difference of the P1 phase in the two models may explain the different regimes found in the phase boundaries in the canonical simulations of Krawczyk et al [11] . This point will be discussed in more detail below. , the tricritical point line crosses the (ω 1 , ω 3 ) plane and the ω 1 × ω 3 diagrams resembles the one shown in Fig. 4 .
In Fig. 7 , we show several diagrams, in the (ω 2 , ω 3 ) plane, for different fixed values of ω 1 . For ω 1 = 0 (Fig. 7(a) Again, the diagrams found here with fixed ω 1 are similar to those of the RF model [6] .
The main difference is that the tricritical and critical end-point lines of the RA model are functions of the three parameters (ω 1 , ω 2 and ω 3 ), while in the RF model these lines lie in the plane ω 1 = 1/3. In the same way, in the RA model the NP-polymerized continuous transition appear as a curved surface, while in the RF model, it is located in the plane
A sketch of the whole three-dimensional phase diagram is shown in Fig. 8 
IV. FINAL DISCUSSIONS AND CONCLUSIONS
Although the Bethe lattice solution of the RA model is close to the one of the restrictive RF model, the polymerized phases P1 are very different in the two models. Moreover, in the RF model the continuous transition surface exists between the NP and P1 phases only, while here the main part of this surface are between the NP and a polymerized phase that can not be identified as P1 or P2, because they are above the critical point line. These results may explain the difference found in the canonical simulations of Krawczyk et al [11] between the RA and RF models. For the RF model, Krawczyk et al [11] suggest a canonical phase diagram with discontinuous and continuous transition lines which meet at a tricritical point, between a SAW-like phase (sites occupied mainly by a single monomer) and a collapsed one (sites predominantly with two or three monomers). The location of the TCP is not defined precisely by the simulations, but the authors suggest that it is in the region of attractive interaction between monomers, namely, the first quadrant in the (β 1 , β 2 ) parameter space.
The Bethe lattice solution of this model [6] shows that, in fact, there is a SAW-like phase (the critical surface NP-P1) and a collapsed phase (the coexistence surface NP-P2). However, the discontinuous and continuous transitions lines, suggested in the simulations, are a tricritical and a CEP line in this approximation, respectively. On the other hand, no SAW-collapsed transition was found in the simulations of the RA model in [11] . This is in agreement with our results, because here the critical surface NP-polymerized does not lead to a SAWlike phase in the canonical diagram. In contrast with the RF model, where the sites are predominantly visited by one monomer, here the densities in phase P1 depends only on the statistical weights (ω i ), like in phase P2. Thus, both the critical surface NP-polymerized and the coexistence surface NP-P2, are associated with collapsed phases, since the sites are occupied predominantly by more than one monomer in both cases. The former leads to a collapsed phase with low density (CLD) of monomers and the last has a larger density (CHD). We believe that the similarity between these phases makes it difficult to distinguish them in the simulations, which could have lead to the conclusion of no transition for the canonical RA model in [11] .
In order to compare our grand-canonical results for the RA with the canonical ones obtained in the simulations for the RF model [11] , we map our grand-canonical diagram into canonical one. As was discussed in [6] , the canonical variables used in the simulations [11] are related to the Boltzmann weights of our solution as:
and in the canonical formalism we are always restricted to the boundary of the NP phase.
The canonical phase diagram which we found in the β 1 , β 2 parameter space is shown in Fig.   9 . Like discussed above, we found two collapsed phases with high (CHD) and low (CLD) monomer densities that are related to the grand-canonical NP-P2 coexistence surface and NP-polymerized critical surface, respectively. that show the densities in a region close to the MCP, we can see that ρ 1 , ρ 3 ≫ ρ 2 .
A connection can be established between the MMS and the SASAW's models, as was already discussed in [6] . If we suppose that only monomers located at the same site have through an attractive pairwise interaction of energy −ǫ, in the grand-canonical ensemble we should have ω 1 = z, ω 2 = z 2 ω, and ω 3 = 3z 3 ω, where, as before, ω = exp(βǫ). In the canonical situation, from Eqs. (35), this leads to β 2 = 3β 1 = 3ω. This line is shown in Fig.   9 , and it crosses the tricritical line, so that the collapse transition in the subspace of the parameter space where the MMS-RA model on the Bethe lattice with K = 3 is related to the SASAW's model is tricritical, as it is also in the SASAW's model.
In conclusion, to study the thermodynamic behavior of models for complex fluids such as the one considered here, for which exact solutions are usually difficult to obtain, we think it is useful to combine numerical simulations with approximate analytic solutions. In particular, the findings in this work suggest that the qualitative behavior of the MMS model without restrictions (RA) may be similar to tho one of the restricted model (RF). Also, on the Bethe lattice, the MMS model shows a behavior which is close to the one of the standard SAW's model for the collapse transition of polymers. Of course one has to be aware that (6, 3) , (6, 5) , (7, 0), (7, 2) , (7, 4) , (8, 1) , (8, 3) and (8, 5) . In for the statistical weights. We did some numerical calculations for the fixed point values of the ratios in the neighborhood of the multicritical point, and found that they are consistent
